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I Setting

G I du d

G a Lie group
I EX Xm a Thirmander basis
dµ Haar measure
d Carnot Carathe'odory Ccc metric induced
by I

Group of polynomial Growth
Let Br cc metric ball centered at eecy
of radius r

I Br k du volume of Br
G is a Go PG F DC IN c GO s t

Cr DE l Br l E Cr P r I l

D does not depend on the choice of
I Chence on me I nor da

D is intrinsic to G



Examples

compact groups and nilpotentgroups
are Go PG
in Non unimodular always have exponential
growth
Iii PG uni modular but unimodular PG
to 1 Non compact semi simple Lie groups are
unimodular but of exponential Growth
in Harmonic ANgroups have exponentialgrowth



Ikeyfeaturest
Group action NG constrains volumegrowth

2 May studyglobalproperties ofG using
heatequation methods

It L

sub Laplacian
the l t t 113 1 e

Mkt

Bal f
it so

theHep E t t E o

3 Natural setting to study complex coefficient
invariant 2nd order subelliptic operators on

G
41 Rich structure theory
G M Q
Cpt s able

Q OfN nil shadow
nilpotent diffeo to Q

G cylindrical manifold MxQµ
Heatequation analysis ITDXIRM

on G m Ft on Qu
2nd order invariant It governs asymptotic
subelliptic of It

Uses homogenization
theory

K I semigroup kernels for It I
lktcmql ktcq.net 413 5



III SomeResults

Heat Kernel Estimates
Proposition Saloff Coste Varopolous
G a GoPG I fX Xm Thirmander basis
he heat kernel of L 2e EI XE 2 o

TX 2E hunt El Brel E e
It me lRsoxG

ht se 3 113oz I e FI me lRsoxG

Sobolev Inequalitytheorem Varapolous
a GoPly

D local dimension IBr In rd for ol r Ll

D dimension at oo lBr l RD for 1er coo

de Nao KP Ko recd D open q F p
HfHq Ecu fHp r f c Co CG

IIftp.o llfllp ftp.r Ziti 11Xi ftp.o i
Note dimG Ed but de D need not hold



Tradinger Inequality
theoremCSaloff Costel
G d D as above
lap Loo oped or xp D
Fc o s t

expcffcufchfllp.JPlduEc1rlVfeCoErs rcG open

Also harmonic analysis results on

multipliers t Reese Transforms etc





In BasicLie Theory

G a Lie Group
The maps hitsgh and ghg are

smooth

often G EIR at least locally
gh ffg hi fµ girl

A measure µ on G is called left invariant on
provided

µCgAl µCA1 Fgc Cy and measurable ACC
gA ga ae A left translatesof A

Right invariant measure is similarly defined

EveryLie group G has a canonical left invariant
measure called the left Thaar measure

uh satisfying
is a Borel measure
is left invariant
KCG cpt MEK too

outer regular µCst infleecul SCU 0openL
inner regular uncut sup uck.tk CU kept



The rightflaar measure up is similarly
defined

Mie and ur are unique up to scaling
If ape µ then G is called unimodular

Cy a finite dimensional real Lie algebra
of IRN and cy has an alternating
bilinear map
cyxcy cy CX 11 A EX 13

called a Lie brackett which satisfies
Caxt BY 23 a EX Es t b Y Z
X aYtbZ3 acx.TT t b X Z

Cx 17 0 CX YJ Cy X
Jacob identity
X CY EST t Z EX 133 tCY 2 3 0

Exercise fog C is associative iff it is

2 step nilpotent or abelian

Example
sun 1121 nxn real matrices A w trA o

and CA BT A B BA A B C sun IR



VectorFields
On 112N X It Ajax 2nFirst order differential

operatorKUR'T Vector fields on 112N
commutator is a Lie bracket
x Y3u XC Yul XX ul

X YE KURT u e C CIRN

9EUR'T C 3 is a Lie algebra
Example X non yay on 1122

X Cn y

of



On G X G Tg gts v c TgG
locally

dimCg
X 2j Aj Cai Ja

HCG vector fields on G also
a Lie algebra w

I commutator

There are special v f s which respect
the group structure on Cg

Let Lg G G denote left multiplication
LgChl gh

A vector field X is called left invariant
if
cxulcg.i xcucg.tl FgcG

u o Lg XCuo Lg

Let K 4 space of left invariantvector fields
Also a Loe algebra w commutator



Let c TeG
ve Tey m Xg LgKO E TgCy
X c KEG X G Tg
Xg U LyleVCU Ftl Uo Lg ont
VEI e y e TeCy

o

V X is a Lie Algebra isomorphism
cg KEG

cy is given the bracket
v WI E Xu Xie

v Xu w t X w

dope
g

r

i

Short hand ay Lie g cy is the
Lie algebra of g



Key point we may study of or K 41

Algebraic basis A collection a read CCy
Siti F r C IN s t

ai read and their brackets

ai Aic Cain i Ain E e l l d
n Er

span of The smallest r is called the
rank of of with respect to a ad

In general Cg may have multiple algebraic
bases with different ranks
Linear basis usual linear algebra basis

a Ad algebraic basis write
Ai i Ad corresponding left invariant
vector fields
CAdlgELgleAd.We

may call Al Ad or a e e e da
an algebraic basis



Example H 1123 with group law
a y t I Ca b s zeta y t b test Icy a u b
has left invariant vector fields
X In I y Tt Y 2g I nd t T 2 t

which satisfy CX 13 T

In particular Xkmy.ae Mkay t TEH
form an algebraic basis

H Heisenberg Group is a Go PG

Example on 1122 X 2n Y n try
X Y Try

i X Y Cx 13 span 1122 at
each point
X Y not in variant under a Leegroup
product



Sub Laplacian
On 112N X 2e Laplacian D 2 X

2

Ong Ai Aa m sub Laplacian 2 A 2

Note L is not canonical in general
is a 2nd order left invariant differential

operator
Lcu Lg ChuloLg AgEG
Play analoguous role as S
Common PDEs to study

L o Charmonic functions
L f C Poisson's Equatoon
L 2e Heat Equatoon
L it t Schrodinger 4 nation

More generally i
On 112N consider operators

It Air TejDai ai j E IR
A Cai A IMI

On G H Z Cee AKA e Cree
Re Gee ke

2MI µ O

It a E coefficient 2nd order left invar

2nd order operator



VIGeometry

Length Metrics
L afamily ofpaths in IR t nyeIRNF fer o D 112 s t no re ra y
onemayonly travel alongthesepaths

Then
decay fifty lo l r E th Dt

Hoy se
rai y
length ofshortestpath
connecting a toy

measures distance according to this
constraint
Specifying L introduces a constrained

non Euclidean geometry on 112N

Example
r



Vectorfield Defined Length Metric
G Lie group of Lie Cy
ai ad Linear basis for gF y o D SG not g ra h ab s cont
and she s t

y et 2 rectiAttyt ca e 1
The velocity vectors of rare linear
combinations of thetree for a e te CQ D
Define a distance i

dight int f CE rien dt
ya g
ra k h

length ofshortestpathhug
EllipticModulus Ig l dog et
d is left invariant
All elliptic moduli on G are equivalent

c l l a El Ib E c l l a
C change of basis arguement I
Global and local geometry independent
of linear basis



Now consider a ad algebraic basis
can still define a distance despite

why A Aa satisfyHormander d dimg
condition due to left translation
A Ig Ad 1g and their commutator
oflength Er E their rank 1 span
TgG Fg c Cy
Vg h EG Fy o D sG g th abs cont

andthe s t
y et 2 rectiAelst ca e 1

Note velocityof y is constrained to
span Ak Kt d 1

Subellipticdistance
dCghkintIoCEkErECtIY2dty

i

grakha.k.aCarnot Cara theodory metric or
control distance

Subelliptic modulus Ig f d Cg e1If a Ad n d E is a Ad Ad vs dc it
da al E d c al l l E l L

More paths for linear basis



Proposition I Fsubellipticmodulus foralg
basis of rank ri t I elliptic modulus
Foo E Lg El gl ta gl

r
g E G Igt El

rank r i l l and I I notlocally
equivalent
Proposition l l t l as above
F S o c o o lg i E Ig l E C lg l g tG 19128

All moduli are equivalentoutside a

compact set

LocalCyrowth i Fix an algebraic basis
ai Ad I I d c I corresponding
modulus and distance

Haar measure
Bp Eg cG Ig l L p cps 1Bp l volume

Droposition F D Zd dimCy C o c o s t

p
D E V Cpl CCpD p ECooD

D local dimension Wrt ay u Ace

h S is S



Thin to

D depends on basis and but there is a

maximal local dimension

locally Haar measure
Computing D in terms of Hausdorff
cgi span ai add Meas
9 span ai ncaa commutators w order Ek
cgi cog c ccg'r g

Set bi Yi choose the s E eye the get
cy tito bi

D IE k din the
d I dim the

GlobalGrowth
Equivalence of l l away from e cCy

globalgrowth is intrinsic
growth of pts Vip independent ofbasis

Dimension
at oo

Two Possibilities
1 F DE Neo and c C o s E

CPD e Vip ECpd Groupof Polynomialgrowth
2 F X µ o c C O s t

ee'TEVEN aCerPmGroupofexponential Growth



Exercise Ga Gz are connected groups
S G has polynomialgrowth and Cy has
exponential growth Show that g xCy has
exponentialgrowth
Proposition all nonuni modular groups are

ofexponential growth
Proofs

modular function
sets µ Cry i s a left flaar measure
F s Cy SIR o s t µ frg l Scofield ri

F g E B s t SCg I

he Bi s hg c Brie Big C Brie
Use dchg e e Ichi g l E d Chel t die g I
ud B ne il Z µd Big4 D Inme it
has exponential growth



Proposition
Cy simply connected and nilpotent
dim Cy D
cy LoeCy 1 3 lower central series

of tf0120 bro Jk the feet
D EI k din the dim at infinity

D Z d and D d iff g IRD



E The Nilshadow and Structure Theory
Assume Cy is simplyconnected by passing
to its universal covering group
In general a CyoPG is not even
homogeneous Cie no dilation structures

Goal Suitably approximate a GoPly
Cy by one which is stratified
Two paths
Nilshadow 1 contractions

Cy MYQEnnfid Cyµ M X QN
M Levi subgrp cpt s im Con

Q radical largestsolvable subgrpa CyoPly sin Con

Q µ nil shadow of Q
Funfed Q

a GoPCy nilpotent
grp law modification of Q's
Now use contractions of N.RS to
approximate Qiu by a stratified grp



Groupquotient Nil shadow
Cy Ight where EI is a larger grpwhose radical Q has a stratified
nil shadow I m OT
Structure Theory In is stratified
g real Lie algebra
Ideal a subsp Icg g i Ci

Subalgebra a sub sp hcg lb 17342
i e t is a Lie algebra
Solvable of cg cg E cyck cycles

cy JE Derived series
F ke IN cg 014cg is solvable
Radical theunique solvable ideal
4cg containingevery other solvableideal
Semisimple og 4 903
cg g g

Nilpotent g E g g Cg 9 3
eye lower central series
Froe IN gro OHCyro

S i og is nilpotent



Graded cg oh w all but finitely
many 0 and fly h Chieti
Stratified c graded and 17 generates
Cg ie cy has an algebraic basis
contained in b
Nil radical the unique nilpotent ideal
17cg containingevery other nilpotentideal
hcg n nil radical g
Levi subalgebra a semisimple
subalgebra Mccy Cg m 4 as v spaces
always exist
Every cy decomposes into a solvable and
semi simple part
Adjoint representation Ado Thm

of matrix
ad ay EndCoy q nilpotent
ad X E X ad sur ecf.ve

adXCY CX Y
x y c of



Nilpotentmap A cy sg.SI n c IN
Ako A nilpotent
Semisimple map Big og s t each
B invariant subspace V C BVC V
has a complementary B invariant
subspace W C og V to W

Jordan decomposition
at g F semi simple Scat ay cg
nilpotent Neal s t

ad a Scant Nca
Scat Nca O

Adjoint actiondecomposes into s s
and n parts
Semi direct product
g b Lie algebras
z b EndCg Ela b Ea Eb

cgx.ch Ccg h C Del
ka bl ca b'DE Ca a 3cg Hola ab la lb bby
Levi decomposition cy m q cg m g



On the group level
Cy a Lie group w cy Lie Cy
Call Cy X iff og is X where
KE nilpotent semisimple etc

Theorem G Con h c og a subalgF con subg rp H w I t Lie CH
Theorem S G sin Con

cy m 4 mm M g Q
M Q Sim con and closed in Cy
n n a Ee and

G M x Q
G M Q

M Levi subgrp Q radical

Fcp Q saute MI

cm e Cri g't m 49 I m c 999
m g n G'I egg I



TheNilshadow
Nilshadow
cg Lie alg
q radCgl
n nieraday1
Scat s s part of ada byJordanDec
Fox subsp 0cg sit
it g D 17
in SCO 0 107 Such a 0 always exists
Lastly if a c g m O n write as for
the component of a in 0

Lastly define the bracket
a b N Ca b scare bt Kbo a

on g subtract off the s s part
The Lie algebra Cq Ca DN is called
a nil shadow of q and denoted by
9µ It is nilpotent
C 3µ extends to a bracket
C 3ns cgxcysg tcg.usEcg C3ns semidirect

in Lm C Ilm C k C µ
shadow

T.SN mxg Ci3 mxq



1

Inverting the Shadow
Goal pass from gµ mxqµ and Gµ MxQv
back to cy ma g and Cy Mx Q
Shadow
og mxqµ direct product of
Lie algebras M C 3GW Cgµ Cdn
Twisted Lie Bracket c g sEnday a

rep on Cy set Elza b o

Then
a b Ca b t teal b Xbla

defines a Lie bracket on cyWrite g E Ccg C 21
Theorem choose m and 0 as before
Define the rep oicgw Endcg.nl by
0cm 81cm q's 0 Cadgm 15cg Hq 1
MEM ofC 4Then C TEC Ig and so

Cy mug Cmxqµ o CCfµ o

cy is a twisted lie algebra of itsshadow



0 adds back s s partwhich was
removed to define C 3N on 9µ
Twisted Products
T g Aut Cgl grp law onlytwisted product

g tix h CTChi'tg h

1 is associative if 1 TCTcg h 1 174

Gt CG t is a Lie grp w

eg eg he T TC Nch t
t inverse

Lie grp shadows
Let 4 0 017 as before
Let a ca E Scar so that
Yu L 3 z bracket on 9µs

Te g End Cy descends to a horn9 T G saute GICy

Tgcexpat exp b exp e
scam b



Cyd CG Tg I semi direct shadow
Let Ta Tg la
Q v CQ ta l nil shadow

Lastly gµ MxQµ direct prod of
grpsl is called the shadow of Cy

Just as g was inverted by
Cy Ctfu o

G Gn may be inverted
o icy EndCcg descends to a horn

S G s AutcglTheorem
M X Q CMXQu s I



E Questions

1 G a Lie group with inner product
e c on CJ Lie G

ucv7gIeCdLg i1gui Lgt1gv7cu.vcTgG
is a left invariant Riemann metric on G
Q G a GoPG K 27 a metric
with polynomial growth
See relates to sub Laplacian
Guess I algebraic basis w sub Laplacian

Declare I orthonormal sub Riemann a
inner product L 2 L relates to Lee s

21 What about the Schrodinger equation
itt

and the Schrodinger kernel
G a GoPG G Ma Q M ept Q GoPG

heat kernel behaves like that
on 1kmx Id
says things about Schrodinger kernel



3 What is the maximal local dimension of
agiven G

4 Higher order Trudinger inequality
5 Let G Cyu be GoPG with dimensions
at infinity D Dar Q is the dimension
at infinity af g x xCyN Dit a c Dn



In

ExplicitExamplenLet 4 be the universal coveringof the group
of Euclidean motions on the plane
Cy is 3d solvable and Go PG
Every sub Laplacian on Gus 2nd order operator

on 112 w periodic
coefficients

og LieG s Xi K X a basis w

X i Xz Xz EX X 3 X Exa X33 0

G E 1122Xz IR Te IR 5 GLUM
gets rote cow rot by n

2 Example of non Unimodular group
Group of affine transformations on IR
Cg na ane b a c112401 b c IR Y
dµj tardadb deep Taidadb

Note G is solvable
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