











































































































ThewaveEguation
1 MultivariableReview
2TheTransportEquation
3SolvingthewaveEquation

DMultivariableReview

o PartialDifferentiation

f frig afunctionoftwovariables x andy0 fu Howmuchfoeyl changeswhen u changes
Ffg fy Howmuchfoeyl changeswhen y changes

MultivariableChainRule
n sea treat x as a functionof t
y yet treaty as a functionof1
Question If wegive t a nudge howdoes f faecesyall respond
Let
St a change in t
Sn a change in N
sy a change in y

Observation
Sse dateSt

Sy St
Conclusion

Sf change in f as a response to a change in se andy
be s yon y
Ifdidst Idatstandt og

E Eiht i Ett y
St o dat Ifadfft y t














































































































2 TheTransporteguation
PhysicalSetup
Awavetravelswitha constantvelocity c and a constantprofile
Unit Displacementofwave attheposition x andtime t

Goal
Setup a PPE whichdescribessuch a wave

Beginwithsomegeometry
Timeslices

U U U
Ueno is Ueno 2

aUto10

no no Rotc do not zc

t o t I t 2

3DPicture
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KeyObservation Ucr t is constantonthelines
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Conclusion
Ucsc t is constantonthelinesofslope c

Implies
If CN t andCreutz lieon the same lineofslope c then

Ucsc t ucxz.tn

Bat
Allpoints at lyingonthelinepassingthroughcropsofslope c satisfy

u rot at

therefore
luckotctitl constant

Putanotherway
UCKotch t Uckotctz ta for all ti ta

TheTransportEquation
Bythemultivariablechainrule

ddtucxotct.tl Uncrotctit ddtlxotc.tl 1 UHKo Ct fddt

Cuse NotCt t c Ut Motat t l

dacconstant
0

Butthis holdsfor all se and t
Therefore ucx.tlmustsatisfythe TransportEquation

fletcun Oforcelloocsectas wate














































































































TheHomogeneousTransportIVP
Wewishtosolve

CUntUt o woe too t o
Ucu gcse w Lx Ctw

Initial conditionrecurs_gcse initial waveprofile
U

I
GY i 2

t

x

But
ucx.tl is constanton linessect Kot et

O Ucseotcops gcses for all ko
Thepoint Creo o lies on the linesect Koect

Therefore
UC Kot Ct t g Ro for aCroc1 w t 20

In conclusionafterthesubstitutions seo sa se et

µcmt gcs
Solves thetransportequationwithinitialcondition goes

Remark
ucx.tl transports goesfromCmo to cnet.tl














































































































TheInhomogeneous Transport IVP
Nowwewishtosolve
Cuse Ut fCat wiseLew t o
uol.co gcse w Lx Ctw

where fexits is a specifiedfunction
But

Multivariablechainrule
odducnccs.SI d Nta UrcutesisI daysUtcutcss ls as

cureLutes s utcktcs.SI
flutes s

FTOC
UCKcct.tl Ucsco fotddsucxcc.sisIds ftf Recsslots

And
Ucu o GCN

Thereforebythesubstitution n se et

Ucu t Uca ct o f fCutCcs t Dds
gcse ct f fCutCcs t sids

Remark
Now ucn.tl transports andevolvesgoes

se o s feet t

goes god ftflutes sids
Comparedto homogeneouscase fcut1 0

se o s feet t
goes goes














































































































DThewaveEguation
In General

A Ucm Nz Nn t waveheightatpositionCnc isentandtime t
TheLaplacian

D nytn2zt 1Eren

TheWaveEquation

Du Fer Su _o
n L Utt Urse O vibratingstring
n z UttUrimUmar O vibratingmembrane
n 3 UttUrim UmmUmm O elasticsolid

Remarks
Ducati reprensentsdisplacementin somedirection
2 D is sometimescalled the D'Alembertian
3Wewillfocus on n 1 Higherdimensionsrelyonmultivariable calc

OnedimensionalWaveEquation IVP u
Nowwewishtosolve
Utt Urse O 00Lie too out utcaof gutters
ucu.oi g.cn wisectoo
necko hln oo Lu too Ro se

Here
goes initial waveprofile t ohcm initial wave velocity U

For
5791mentat a mightbequick
Displacement at se mightbe slow Ro u

t Oil


































































































SolvingtheWave Equation
1 Observe

um t Fn
2Then

Utt Unu O t u O
3 Let

VCRt UHHH UseCn t U

4By 1 and3
E u Fakut un

Few
VetVn

5 By 2 and 4
Utt Unu o u O VttVa 0

But4the o is the transportequationwith c l
GByinitialconditionsofUckittand3 veryhas initial conditions

UCR gcul uneo gca VCRO Utheo Uncle01
necko hln her gcel

7 By 5 and6 Vcr.tl solvesthehomogeneoustransportequation
se t t O wax Lew t oVIother gch woe Ctw

8 Butthesolution to this transportequation is
zit Vcut o h n t gCn t

9 Therefore by 3 and 8 unitssatisfies
Ut Use units hex ti g ex t

ButUtUn hue ti g ex El is thenonhomogeneoustransportequationwithc i

10 Byinitial conditionsofucn.ttand 9 ucu.tl satisfies

UntUt hue ti g ex H wax Lew t 0
recap gcse w Lx Ctw

Il By 10 ucn.tl isgivenby
Ucu t gcutt 1tohee Cs ti s gCu Cs t s Is

tcgcuttitg.cn tis the heads



Example
htt iii sin iii iii at

necko cosse oo u too

1We observethe initialconditions
UCMo gcse si nu

UtCKol her cosse

2 By 1 and
ucuitl tcgcuttlg.cn tis Ifutiheads

we conclude
Ucr E I sincutE since tD t Ibe coscods

I sincutE 1since tD t's sin sett sinex ED
sin sett


