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Chapter 1

Introduction

In this note we will learn how to solve systems of differential equations of the
form

Cl'/l (t) = auxl(t) + alzxg(t)
xé(t) = 0,21561(15) =+ aggzg(t),
where a1, a12, 21, age are real constants, and x1(t), z2(t) are the unknowns we

wish to find. These systems of differential equations model evolving coupled
systems.
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Chapter 2

Matrix Algebra

In this section we briefly review 2 x 2 matrix algebra. Note that everything that
follows has a n x n analogue—if you're interested in this theory, ask me, or take
linear algebra. Henceforth, let R denote the real numbers, and C denote the
complex numbers. (Actually, everything that follows also has a generalization
over “number fields” different than the R and C.)

2.1 Matrices and Vectors

The following two algebraic objects are what we will mostly deal with:

2 x 2 Matrix: A:(a b>
c d

2 x 1 Vector: T = <x1>

Here, a,b,c,d and z1, x5 are in R. Thus, a 2 x 2 matrix is just a 2 x 2 array of
4 numbers, and a vector is just a column of 2 numbers.
Note that a 2 x 2 matrix may also be given with double indices:

There is a distinguished matrix called the identity matrix:

Identity Matrix: I = <(1) (1)>

There is also a distinguished vector called the zero vector:

Zero Vector: 0= (8)

Be careful: 0 might either indicate the zero vector or the number zero—context
should make it clear which zero is being considered.
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8 CHAPTER 2. MATRIX ALGEBRA

2.2 Multiplication by a Scalar

Let A bein R or C. Then
)\ab_/\a)\b )\ml_/\ml
c d) \) M)’ o) \dao )’
8\ (4
2) 1

2.3 Matrix acting on a vector

Ar— (@ b z1\ _ [ax1 + bz
r= c d T2 o C$1+dl‘2 ’

In particular, the identity matrix I = (}9) acts like the number 1 in terms of

multiplication:
. 1 0 r1\ 1lx1 + Ozo .
I = (O 1) (l‘g) o (Oxl + 1$2> =T

Moreover, A0 = 0 for all matrices A:
a b\ [0\ [a0+0b0\ [0
c dj\0) \c0O+do) \0/"
2 1 2
=0 5) ()
A — 2 1 2\ _[(2-2+1-4\ (8
=\ —2)\4) " \o-24-2.4) " \=8)"

2.4 Linearity of this Action

Example 2.1.

Example 2.2. Let

Then

A1z + c2y) = c1 Az + c2 Ay

for all 2 x 1 vectors x and y, and all numbers ¢y, cs.

2.5 Matrix Addition

Let
A— ail a2 B = bi1 b2
G911  A929 bar  boo
be two matrices. Then, their summation A 4+ B is defined by

a1 +bi1 aiz + b2
A+ B= )
<a21 +bo1 a2+ bzz)
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Similarly, two vectors may be added:

T1 y1\ _ (xT1+y
+ = .
T3 Y2 T2 + Y2
Example 2.3.

=2 3) (3 -7\ _(-243 3-7) _(1
-2 4 2 0) \-2+2 44+0) " \o 4 )

Example 2.4.

() + () - (55) - (5)
2.6 Determinant of a matrix
det(A) = det <‘; Z) = ad — be.

Example 2.5. Let

Then,

det(A) = det (0 _2> =2.(-2)—-1-0=—4.

2.7 Solving a Matrix Equation

Given the known data

we will be interested in solving equations like

Ax = b,

= ()

where
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is to be determined (i.e., solved for). By matrix multiplication, the equation
Ax = b is equivalent to

. a b T1\ bl
e (0) (2)-G2)
ary +bra\ (b
= <CI]C1 + dl‘g) - (bg)

axry + b.’ﬂz = bl

cxy + dre = by

Therefore, solving for z in Az = b is equivalent to solving for x; and x5 in the
system

ary + bZL'Q = b1
cr1 + drg = bsy.

In particular, we get the translation between a system of equations to a
matrix equation:

(a b) <x1> B <b1> L, 0m +bxo = by
c d)\z2)  \b2 cxy + drg = by.

Example 2.6. Solve the equation

£96)-0)

First we convert this matrix equation into a system of equations:

2 3 T 2 2x1 + 3x0 =2
= <>
2 2 T2 6 2:1,’1 -+ 23]2 = 6.
We use elimination to solve for x1 and zs:

201 4+ 312 =2 201 4+ 310 =2
<~
201 4+ 229 =6 0zy — lzg =

2x1 + 0xo = 14
—

01’1 - ].iEQ =4

1l + 0z =7
<

01‘1 + 11‘2 =—4

x1:7
I2:—4.

Therefore, the solution is
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2 -1 1\ 0
—4 2 Xro N 0/
First we convert this matrix equation into a system of equations:
2 =1\ [z 0 2x1 —lz2 =0
= =
-4 2 Ta 0 —4x1 + 229 =0
2$1 - 11[,’2 =0
Ox1 +0x2 =0

Example 2.7. Solve

1
< T = 51’2.

In this case, we cannot actually find unique values for x; and x5, but rather, x;
and xq satisfy the relationship z; = %x2. Consequently, we get infinitely many
solutions: for a chosen zs, we get a corresponding x;.

Therefore, the solution is written as

1) (2)-=()

where x5 is allowed to take on any real value; i.e., there are infinitely many solu-
tions. E.g., to get what we mean by this, the following are particular examples

of solutions:
2)
re=1= z=|;
2

0

To=—-5 — x= (:‘2)
2

Example 2.8. Convert the following system of equations into a matrix equa-
tion:

A

8r1 —2x9 =0
—Tx1 4+ 0.229 = 2.

The coefficients produce the following matrix:

83@1—2962:0(:)14_ 8 -2
—Tx1 4+ 0.229 =2 “\=7 02)°

The variables x; and x5 are encoded in the vector
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and the constants not attached to any variables are encoded by the vector

-0

Putting this together, we get the translation:
Tyl — 4X2 = T
<~ =
1+ 0220 = T2

2.8 Linear Dependence

The following practically only works in the 2 x 1 vector setting, but there is a
natural extension to the higher dimensional setting. This generalization is im-
portant in case you want to study higher dimensional systems of DEs; however,
we will focus only on the two dimensional case, and so the following will be
sufficient.

Let v and u be two 2 x 1 vectors. Then v and u are said to be linearly
dependent provided there is a nonzero constant ¢ so that

U = cv;

i.e., provided that u is a scalar multiple of v. Otherwise, v and v are said to be
linearly independent.

Example 2.9. Determine if

(2 (-1
v=1g): u={_4
are linearly dependent.

We seek for a nonzero constant ¢ such that u = cv; i.e.,

(6) =)= ()

Thus,
=—c c=—2
— ,
8 = —4c c= -2
so that ¢ = —2 works. Therefore, u = —2v holds, and hence u and v are linearly
dependent. JAN

Example 2.10. Determine if

(2 (1
v=1{g]: U =
are linearly dependent.

We seek for a nonzero constant ¢ such that u = cv; i.e.,

(5) (L) = ()
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Thus,
2=c c=2

< R
8 = —4c c=-2

which is clearly a contradiction: ¢ cannot simultaneously be 2 and —2. There-
fore, u and v are linearly independent. A

2.9 Eigenvalue problem

2.9.1 Eigendata Derivation

Given A = (? Z), find all pairs A, x, where A is in C, and « = (3} ) is a nonzero
vector, satisfying
Azx = Ax.

Such a A is called an eigenvalue, and such a x is called an eigenvector.
Therefore, the eigenvalue problem is to solve for x and A in the equation Ax =
Az; i.e., A and x are to be understood as unknowns to be found. I reiterate an
important point: the zero vector () is not allowed to be called an eigenvector.

Note that the eigenvalues and eigenvectors which solve Ax = Az for a given
matrix A are intrinsic to A. They comprise the sort of “spirit” of A.

The following properties will be needed to be understood:

1. If Az = Az, then cx also satisfies this equation for any constant c:

A(cx) = ¢(Ax) = chx = A(ex).

2. A can have either (i) 2 distinct real eigenvalues, (ii) 2 distinct complex
eigenvalues, or (iii) 1 eigenvalue with multiplicity 2.

For our course in DEs, you can translate these two properties as follows:

1. Your answer might disagree with someone else’s, but only up to a constant
multiple.

2. In cases (i) and (ii), you will have to find two distinct eigenvectors which
are not constant multiples of each other. In case (iii), you’ll have to do
something special.

The following requires some understanding of linear algebra; however, you
can get by by black-boxing the following linear algebra fact (here A and x are
arbitrary):

The matriz equation Az = 0 has a nonzero solution x if and only if
det(A4) = 0.

We now solve the eigenvalue problem Ax = Ax. Observe:

Ax = v < Az =M=z
< Az — Az =0
— (A—- M)z =0.
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Therefore, there is a nonzero solution x (i.e., an eigenvector) if and only if
det(A—XI) =0.

So how do we actually go about finding A and z? Well, observe
a b A0 a— A\ b
asn= (0 )= (0 3=t 2,

a—\ b
det(A—)J)zO:)det( . d—)\>:0

<~ (a—A)(d—=XN)—bc=0
— M —(a+dA+tad—bc=0

(a+d)£+/(a+d)?—4det A
2

and so

<= A=

Therefore, eigenvalues must solve the characteristic equation
N — (a+d)X\+ad —bc =0,

and are given by the roots

(a+d)++/(a+d)? —4det A
2
(a+d)—+/(a+d)?—4det A

5 :

A =

Ay =

To find z, we need to solve the matrix equation (A — AI)z = 0. Equivalently,
since we know that solving a matrix equation may be done by solving its asso-
ciated system of equation, we need to solve the following system:

(A= ADz =0 < (a;A db/\) (2) N (8>

(a—MNx1+bra=0

cx1+(d—XN)xza=0
b

A—a

A—d

xry = i)

<~

€Tl = T2,

where the last equivalence holds only if we do not divide by zero. Thus, to find
an eigenvector, it is enough to solve this system of equations.

2.9.2 Eigendata Examples
Example 2.11. Verify that

=) ()
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()

What are their corresponding eigenvalues?
We first compute

= (a0 8) ()= (29) = (0) =) =om

showing that v; is an eigenvector of A with eigenvalue A\; = 5. Next, we compute

= (3 ) (7)== () =0 (7) =0

showing that vy is an eigenvector of A with eigenvalue Ay = 0. A

are eigenvectors of

Example 2.12. Find the eigenvalues and eigenvectors of

(2

FEigenvalues:
det A=4—-2=2
) (a+d)++/(a+d)?—4det A
1 =
2
44168
2
=2+2
N = (a+d) —/(a+d)?—4det A
a 2
=2-2.
AN
Eigenvectors:
For \; = 2+ V2
(Cl — )\1)1‘1 +bry =0 —\/5561 +x9 =0

—
C.Tl—i-(d—)\l).%‘gzo 2$1—\/§$2:O

— T1 = o

1
V2
Taking xo = 1, we have x1 = %, and therefore

()

is an eigenvector corresponding to Ap.
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For Ao = 2 — V/2:

(a—/\g)m1+bx2:0<:> V2, + 23 =0
cx1+ (d—A2)a2 =0 2x1 + V29 =0
1
> 1 = ——=T2

V2

Taking zo = 1, we have 21 = and therefore

_1
V2’

1
O R
L= ()= ()
is an eigenvector corresponding to As.

Example 2.13. Find the eigenvalues and eigenvectors of

A:(g g)

Eigenvalues:
det A=2(3)—0(0)=6
5+ +/25 — 242

Al = ———2

Ao=3
FEigenvectors:
For A\ = 2:

(a—A)z1+bze =0 0z1 4+ 0x2 =0

<
C$1+(d7)\1)332 =0 O0x1 4+ 292 = 0.

This shows that 27 can be any nonzero value (since we are looking for eigenvec-
tors), and xo = 0. Therefore, taking 1 = 1, we get

()

is an eigenvector corresponding to A\; = 2.
For Ay = 6:

(a—)\l)x1+b:c2 =0 —x1+ 029 =0
e
cxry + (d — )\1).232 =0 0xq1 4+ 0x9 = 0.

This shows that zs can be any nonzero value, and x; = 0. Therefore, taking

T = 1, we get
0
= ()

is an eigenvector corresponding to Ao = 3.
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2.10 Problems

Problem 2.1. Compute the following matriz operations:

w365
G 7))
o )0 2 (3)=

Problem 2.2. Compute the determinant of the following matrices:

ot
W)

(c) (—04 1(1)o>

Problem 2.3. Find the eigenvalues and eigenvectors of the following matrices:

w (% 1)
(3 5)
o)

Problem 2.4. What are the eigenvalues and eigenvectors of the matrices:

a3

w9

Remark: in case a = b, you can either use inspection, or try to expand on what
we have learned.
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Chapter 3

Systems of Differential
Equations

Consider the following system:
Insert Image here. . .

where 2 4(t),zp(t) are amounts of some quantity, and f;(x4),g:(zp) are
the input or output rates of the quantity. Note that f;(z4),g:(xp) are to be
understood as depending on the quantities x4 or xp, not just time.

So the subsystems A and B, and the quantities z4 and zp, are all “coupled”
as reflected in the following system of DEs:

2y (t) = (Rate in of quantity into A) — (Rate out of quantity out of A)

= fi(za) +91(xB) — fa(xa)
2’5(t) = (Rate in of quantity into B) — (Rate out of quantity out of B)

= fo(za) = 91(xB) — g2(xB).

Our goal is to use linear algebraic methods to solve such “coupled” systems of
DEs.

Note: everything can be generalized to more equations and variables, which
would correspond to a system with more coupled subsystems. However, this
has little pedagogical value, especially since knowledge of linear algebra is not
assumed. In any case, the only difference between our setting and the more
general setting is a heavier use of linear algebra. If a time where you need to

19
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study larger systems comes, you will likely have more linear algebra under your
belt, and you can then generalize as needed.

3.1 A System of DEs

We wish to solve the following system of DEs:

I’/l (t) = allxl(t) + 0,12582(75)

xh(t) = ag1z1(t) + azewa(t), (3.1)

where the coefficients a;; are real constants, and the functions 1 (t), z2(t) are
the unknowns we wish to solve.

The key observation is that we can recast this system of a matrix differential
equation. Observe that the right-hand side of may be encoded by the
following matrix product:

AX(t) = (“11 a12> <x1(t)) o ouz(t) +anra(l)

az  ag ) \x2(t) az121(t) + agewa(t),

where we will use a capital X (¢) to denote the vector-valued function (i;gg )
Therefore, (3.1)) translates into

x/l (t) = anz1(t) + a1222(t) (17/1 (t)) (an a12> (:El(t)>
, = |7 =
x5(t) = ag121(t) + agawa(t) wy(t) ag  a) \x2(t)
where, for convenience, we use the notation X'(t) to represent the vector
x} () d (z1(t) p
= — = X'(t).
<x'2 (t)> at \ (1) ®)
3.2 Solution Vectors

Let A = (git a32). If the vector X (t) = (ml(t)) satisfies the matrix DE X'(t) =

azi az2 zQ(t)
AX(t) on an interval I, then X (t) is called a solution vector to this matrix
DE on 1.

Note: a solution vector X (t) = (28; ) is such that the functions x1(t), z2(t)

solves the following system of DEs:

l‘ll (t) = 0,11:61(15) —+ algl'g(t)
.23/2 (t) + aglxl(t) + a9912 (t)

Indeed, we have the follow logical equivalences

X'(t) = AX(t) <x1<g) <au a22> ( 8)
1) = (i ruee)
) 11331( ) + algl‘g(t)

t) + ag1w1 (t) + agewa(t).
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Example 3.1. Verify that

- (55)

is a solution to the matrix DE

X'(t) = (3 g) X(t).

What corresponding system do the components of X (t) solve?

We are given
2 0 et
A - (0 3) 9 X(t) - (7€3t) .

All that we are missing from X'(t) = AX(t) is X'(¢), and so we compute:

d [ e* 2e2t
/ _ _
x0 =5 () = (G)-

Now we check if X'(t) = AX(t) holds by computing AX (¢):

ax0= (5 5) (o) = (nes)

But the right-hand side is exactly X'(t), i.e., X'(t) = AX(t) is a true statement,
and therefore X (t) = (_672:&) is a solution vector.

Lastly, we aim to determine which system the functions z1(t) = €%, z5(t) =
—7¢3t (i.e,. the components of X(t)) solve. This amounts to translating the
matrix DE X'(¢) = AX (t) into a system:

() -6 9 ) =

3.3 Superposition Principle

There is a systems analogue of the superposition principle we are familiar with
from studying linear ODEs.

Theorem. Let X;(t), Xa2(t) be two solutions to the matriz DE X'(t) = AX(t)
on an interval I. Then, for all real numbers c1,ca, c1X1(t) + caXa(t) is also a
solution on I.

Proof.
1. By hypothesis, X/ (t) = AX;(t) and X5(t) = AX(¢).

2. To show that ¢; X (t) + c2Xa(t) is a solution to X'(t) = AX(¢), we need
to verify that

(Cle(t) + CQXQ(t))I = A(Cle(t) + CQXQ(t)).
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3. We compute:

(1 X1(t) + caXa(t)) = a1 X7 (t) + ca X5 (1) (distribution of differentiation of sums)
A(c1 X1 (t) + coXa(t)) = c1 AX1(t) + c2AXo (1) (linearity of matrix multiplication)

4. By 1. and 3.,

(1 X1 (t) + caXa(t) = c1 X7 (1) + ca X5 (2)
= c1(AX1(t)) + c2(AX2(t))
=c1AX, (t) + CQAXQ(t)
= A(Cle(t) + CQXQ(t)),

which is what we needed to show by 2.

Example 3.2. Verify

x0= (%) x0=(5)

are both solutions to the matriz DE

X'() = (g g) X(8).

Conclude that ¢1 X1 (t) + caXa(t) is also a solution. Compare this to Example
)

1. We compute directly that X;(¢) and Xo(t) are solutions by plugging them
into X'(t) = AX(t) and checking if equality holds:

X{(t) = AXi(t) < <2%2t> = (3 g) <egt>

showing that equality holds in both cases, i.e., that X;(¢) and X5(¢) are
solutions.

2. By the superposition principle, we may conclude that ¢; X1 (t) + c2Xo(t)
is a solution for any real constants ¢; and cs.

3. Observe that the matrix DE in this Example and Example [3.1] are the
same. Moreover, the solution given in Example [3.1]is given by

X(t) = <_€72;3t) .
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e2t e2t 0
(o) = () += (&)

provided ¢; = 1 and ¢ = —7. Thus the solution in Example is a
particular example from step 2.

We observe that

A

3.4 Linear Independent Solutions

Recall from Chapter 1 that two constant vectors

T Y1
xr = =
@) = ()
are linearly dependent if they there is a nonzero ¢ such that z = cy, i.e., if z is

a nonzero scalar multiple of y. This notion is extended to solutions to a matrix
DE X'(t) = AX(t) in an analogous way:

If X1(t) and Xs5(t) are solutions to X'(t) = AX(t) on an interval I,
then they are called linearly dependent solutions if there is a nonzero
constant ¢ such that X1 (t) = cXa(t) for all t in I.

More generally, two vector-valued functions Xi(t), Xo(t) (not necessarily so-
lution vectors) are called linearly dependent on an interval I if and only if
X1(t) = cXs(t) for all t in T.

In practice, this will be relatively easy in our course. As we will see, all
solutions will take the form of a linear combination of solution vectors like

where ai,a are constants. The key observation is that e* = ce®* for some
constant c if and only if A = 3. Indeed,

M =ceft = Ot = ¢

is impossible if A # 3 since the left-hand side would then not be constant. This
is observed in the following proposition.

Proposition 3.3. Consider the two vector-valued functions:

Xi(t) = KieMt = ki eM, Xo(t) = Kpet?t = Far et
/{21 k22

If K1 # Ko or Ay # Mg, then X1(t) and Xo(t) are linearly independent.

Example 3.4. The two vector-valued functions

Xi(t) = (Z’Z) ;o Xe(t) = <_eejt>
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are solutions to the system

Are they linearly independent? Here,

o) ne()

A1 =3, Ay =—1.

Since K3 # Ko, they are linearly independent. This can also be concluded from
A1 # Ao A

3.5 The General Solution
Given a matrix DE X'(¢) = AX(¢) with associated system

2y (t) = a1 (t) + ar2z2(t)
l’/Q(t) = agll'l(t) + (IQQ.TQ(t),

one should expect a general solution to involve a two parameter family of so-
lutions, one parameter arising from “integrating away” each derivative, namely
/ !/
xq and 5.
The following theorem confirms this.

Theorem 3.5. Let X1 (t), X2(t) be two linearly independent solutions to X'(t) =
AX(t) on an interval I. Then the general solution to X'(t) = AX(t) is given

by
X = Cle(t) + CQXQ(t),

where c1,co are arbitrary constants.

Example 3.6. The two vector solutions

0= (G). x0=(50)

were determined to be linearly independent solutions to

X'(t) = (; f) X ().

Consequently, the general solution to this matrix DE is given by

X(t) = (ZZ) + (_eett) :
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3.6 Solving Systems of DEs

We finally learn how to solve a matrix DE (and hence a system of DEs)
X'(t) = AX(t).

This matrix DE should remind you of one of the very first ODEs you learn:
y' = ay. The solution to this ODE was given by y = ke, where k is a constant.
With this in mind, we might guess a solution to X'(t) = AX(¢) might take the
form X (t) = Ke*, where K is a constant vector.

By observing

X'(t) = (KeM) = AKeM
AX(t) = AKeM,
one gets the following eigenvalue problem

AKeM = \KeM — AK = \K.

That is to say:

If X(t) = KeM solves X'(t) = AX(t), then X is an eigenvalue of A, and
K is an eigenvector of A.

This observation will be used to construct the general solution. However,
the general solution will depend on three cases:

1. A has two distinct eigenvalues, and hence we can find two linearly inde-
pendent eigenvectors;

2. A has a repeated eigenvalue, and we can find two linearly independent
eigenvectors;

3. A has a repeated eigenvalue, and we can find only one linearly independent
eigenvector.
3.6.1 Distinct Eigenvalues Case
Suppose A has the eigendata:

Eigenvalues: A1 and Ao with A # A
Eigenvectors: K; and K5 corresponding to A\; and A, respectively

Then the general solution to X'(t) = AX(t) is
X(t) = clKle’\lt + 62K2€A2t.

Remark: A1, \s, K1, Ko are all allowed to be complex; i.e., A; and A2 can be
complex distinct eigenvalues.

Example 3.7. Solve
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First find A’s eigendata:

Eigenvalues:
det A= -2
A = 3+49-4(-2)  3+V17
1= 5 = 5
Ao — 3—V9-4(-2) 3—V17
2 = 5 = 5 )
Eigenvectors:
For )\1 = 3+T\/ﬁ:
1-V17
(a—)\1)331 +bro =0 T% — 215 =0
e
C$1+(d_>\1)$2:o _1_\/ﬁ
—2x1 + #1‘2 =0
1—+17
= 1= im_

4

Therefore, if we take x5 = 4, then z; = —1 — /17, and so

K = (‘1 - ﬁ)
4
is an eigenvector corresponding to A\; = 3+%m_
For )\2 = Lﬁ:
1+ V17 B
(a—X)xy +bra =0 T%—ng—o
1+ ( 2)T2 _2551-1-%\/»3;2:0
—1+17
< ry = ———2.

4

Therefore, if we take x5 = 4, then z;1 = —1 + m, and so
Ky — (—1 Z«n)

3—V1
2

R

is an eigenvector corresponding to Ay =
General solution:

X(t) = ClKle)‘lt + CQK2€A2t

— e (—1 —4\/17) 2T | o (—1 Z\/U) =T
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Example 3.8. Solve

First find A’s eigendata:

Figenvalues:
det A=14
0 02 —4(4 —16
A= i \/ € = v =24
2 2
Ao = —2i
(M —=(=2)\  [(2i—-2
K < —4 N\ 4
—2i—2
Ko = ( i ) .
FEigenvectors:
For A\ = 2i:
(a7>\1)$1+b172 =0 (2721)1714’2262 =0
cry + (d - /\1)1‘2 =0 —4xq + (—2 — 2i)$2 =0
—1—1
< T = 5 x9.
Therefore, if we take x5 = 2, then ;1 = —1 — 7, and so
—1—1
fa= ()
is an eigenvector corresponding to A\; = 2i.
For Ay = —2i:
(a—A2)z1 +bre =0 (24 2i)x1 +2220=0
cxry + (d - )\2)‘%2 =0 74.%1 + (72 + 22)%2 =0
-1+
< T1 = xo.
2
Therefore, if we take x5 = 2, then z; = —1 4 ¢, and so

Ky — <—12+ z>

is an eigenvector corresponding to A\; = 2i.
General solution:

X(t) = ClKle)\lt + CQKQG)\zt

—1—3 . 1443\ o
201( ) Z)e2zt+c2< 2—&-2)62175.
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3.6.2 Repeated Eigenvalues

This situation is best framed in the context of an IVP. Hence, we let

o
fo= (yo>

always denote an arbitrary initial value for the given matrix DE. Note that the
arbitrary constants xg,yo will take the role of arbitrary constants c¢i,co from
previous considerations.

Suppose A has a single repeated eigenvalue A. Then the general solution to
X'(t) = AX(t) is

X(t) = K()e)\t + Klte)‘t

T
K p—
0 (%)

Ky = (A— AK,.

where

Remark. If to A corresponds two linearly independent eigenvectors, then
every nonzero vector is an eigenvector of A (why?). Therefore,

Ky = (A— Ky =0,

and the general solution will take the form X (¢) = Kye*t.
If you don’t want to consider the IVP case, then we can obtain the general
solution as follows:

X () = KteM 4+ P = </€1> Y <P1> M.
k2 D2

where P solves the system
(@ = A)p1+bpa =k
cp1 + (d— N)p2 = ko
Example 3.9. Solve
X'() = (g g) X(8).

First we find A’s eigendata:
FEigenvalues:

det A=14

44 /16 — 4(4)

A=
2

=2

Therefore, A has a single repeated eigenvalue. Hence, we use the formula

X(t) = Ko + Kyt
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to find the general solution.
General solution:
Let

x
fo= <y3>
denote the arbitrary initial value. Then
Ky =(A- XK,
(6 2)-( 2)
=0.
Therefore, the general solution is given by

X(t) = Koe
_ <I0> o2t
Yo

Example 3.10. Solve
co (32
xw=(3 3)x0

First we find A’s eigendata:
FEigenvalues:

detA=9
6+ /36— 4(9)

A 2

=3.
Therefore, A has a single repeated eigenvalue. Hence, we use the formula

X(t) = Koe + K teM

to find the general solution.
General solution:
Let

)
K:
’ <yo)

denote the arbitrary initial value. Then

29
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Therefore, the general solution is given by

X(t) = KQ@M + K1t€>\t

_ (To) 3t (20 5t
Yo 0
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3.7 Problems

Problem 3.1. Convert the following systems of ODEs into matrixz DFEs:

(a)
221 (t) — 2w2(t) = 2 (t)
—x1(t) + —Twa(t) = xh(t)
(b)
21 (t) = 1021 (t) — 1024
5 (t) = 3w2(t)
(c)
z1(t) — 22(t) — 24 (t) =0
229(t) + 21 (t) — 25(t) =0

Problem 3.2. Solve the following matriz DEs

W xw=(3 1)x0
wxw= (7 §)x0
©x0=(35, 5)xw
@ xw=(5 5)x0

Problem 3.3. Let a and b be arbitrary real numbers. Solve the following matrix
DFEs:

@ xw=(g ) xo
w x0=(5 1)xe

© x0=(5 )Xo

Problem 3.4. Let X;(t), Xa(t) be solutions to X'(t) = AX(t). Show by direct
computation that

2X1(t) — 3Xa(t)
18 also a solution.

Problem 3.5. In each part below, suppose X1(t), Xo(t) are solution vectors to
some respective matriz DE X'(t) = AX(t). Determine if each pair may form a
general solution to their respective matrix DE.
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(a)

Xi(t) = @) e, Xo(t) = (2:1) o2t
(b)
L e e
(c)

Problem 3.6. Let

()

be an eigenvector to a matriz A, and let A\ = 2 be the corresponding eigenvalue;
i.@, AK1 = 2K1
Show by direct computation that

cannot be a solution to X'(t) = AX(t).

(1) o (1 st
X1<0)€, X2<O)e

Convince yourself that X1(t) and Xs(t) are linearly independent vector-valued
functions. Despite this, use Problem 3.7 to conclude that

Problem 3.7. Set

X(t) = a1 Xa(t) + 2 Xa(2)
can never be the general solution to any matriz DE X'(t) = AX ().

Problem 3.8 (Optional). Construct matrix DE’s corresponding to the solution
vectors given in Problem 3.5.



Solutions to Problems

Chapter 2

You can run these through, e.g., WolframAlpha.

Chapter 3

Note: For many of these, I just ran it through Wolfram Alpha. If your answers
are a little different, recall that eigenvectors are not unique. Thus, to see if your
answer is correct, check if your proposed eigenvectors are just multiples of mine.
On the other hand, eigenvalues are unique.

Problem 3.1
(a)
X'(t) = <_21 :g) X
(b)
xw=(4 ')xw
(c)
X'(¢) = G _21) X (1)
Problem 3.2

(a)
X(t) = (1 —|—2\/§) e(2HV3E | . (1 —2\/§> (2= V3t

X(t) =c <5 +74\/§> BTV () (5 74\@) e(B-4V2)t

X(t) = 1 (—1 —;\/E) 2V (—1 +5z\/ﬁ> o—21VI0t

33
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(d) We find A = 2, and so A has a repeated eigenvalue. Compute
_ (0 1\ [zo) _ (%o
f= o a) ()= (5)
Therefore, the general solution is

X(t) = K()€2t + K1t€2t

Problem 3.3
(a)
X(t) = (”0) et
Yo
(b) A=a and
_ (b
= (%)
and so
X(t) = Koe‘” —+ Klte“t.
(¢) A=a and
0
K= (axo)
and so
X(t) = Koeat + Klteat.
Problem 3.4

(2X1 (1) — 3X2(t))" = 2X1(t) — 3X3(t) = 24X1(t) — BAX(t) = A(2X1(t) — 3Xa2(1)).
Problem 3.5

(a) X7 and X are linearly dependent. So they cannot form general solution.

(b) Yes. In particular, one can take

(¢) Yes. In particular, one can take

2 0
= (; 2)
Problem 3.6

By definition, AK; = 2K;. Now, if X;(t) is a solution, we must have
Xi(t) = AX,(t) = 3K,* = AK, % < 3K, = AK,.

Therefore, if X;(t) were a solution, both AK; = 2K; and AK; = 3K; would
have to hold. But this is impossible since K3 # 0.
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Problem 3.7

The vector-valued functions X;(¢) and Xo(t) are linearly independent be-
cause it’s impossible to find a constant ¢ such that e?* = ce®’. Now, for sake
of contradiction, suppose that X(¢) = ¢; X1(t) + c2X2(t) is the general solu-
tion to a matrix DE X'(¢) = AX(t). Then, X;(t) and X»(t) are solutions to
X'(t) = AX(t). But

X, (t) = Ke?' a solution = (Ke*') = AKe* — 2K = AK
X,(t) = Ke* asolution = (Ke*') = AKe¥ — 3K = AK.

But both 2K = AK and 3K = AK cannot possibly hold, and therefore, X (t)
and X (t) cannot both be solutions. Therefore, X (t) = ¢1 X1 (t)+c2X2(t) cannot
be the general solution lest we arrive at a contradiction.
Problem 3.8

See solution to Problem 3.5.
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